











Exercise. Find maxima and minima of f(x, y) = x2 + y2 − 4xy with
the constraint x2 + y2 − 1 = 0.
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Λ > 0 maximum
Λ < 0 minimum
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Find the distance between the point (2, 2) and the circumference
x2 + y2 = 1
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Find the distance between the point (2, 2) and the circumference
x2 + y2 = 1
L(x, y,m) = (x− 2)2 + (y − 2)2 −m (x2 + y2 − 1)
Critical point system
2(x− 2)− 2mx = 0
2(y − 2)− 2my = 0
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, m = 1− 2√2 and x = − 1√
2
























, m = 1− 2√2 and x = − 1√
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Bordered Hessian Λ =

2− 2m 0 2x























































So that det Λ = −16√2 minimum
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Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
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f(x, y) = xay1−a → max
sub px+ qy − c = 0




f(x, y) = xay1−a → max
sub px+ qy − c = 0
Assumptions 0 < a < 1, p, q, c > 0.
Lagrangean L(x, y;m) = f(x, y) − mw(x, y) where w(x, y) = px +
qy − c. Critical point equations
Lx(x, y;m) = ax
a−1y1−a −mp = 0 (1a)
Ly(x, y;m) = (1− a)xay−a −mq = 0 (1b)
Lm(x, y;m) = px+ qy − c = 0 (1c)
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Eliminating m between (1a) and (1b) we get
(1− a)px− aqy = 0 (2a)
px+ qy − c = 0 (2b)
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(1− a)px− aqy = 0 (2a)








m = (1− a)1−aaap−aqa−1
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A differential equation is an equation that defines a relationship be-




A differential equation is an equation that defines a relationship be-
tween a function and one or more derivatives of that function.




(x) := y′(x) = 2xy(x) (1)
states that the first derivative of the function y equals the product of
2x and the function y itself. An additional, implicit statement in this
differential equation is that the stated relationship holds only for all
x for which both the function and its first derivative are defined
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Given f : Ω ⊂ R2 → Ry′(x) = f(x, y(x)), x ∈ Iy(x0) = y0, x0 ∈ I, y0 ∈ J




If f(x, y) is continuous on R = [x0 − a, x0 + a]× [y0 − b, y0 + b], then
the initial value problemy′(x) = f(x, y(x))y(x0) = y0
has a solution in a neighborhood of x0
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Solution needs not to be unique.






Solution needs not to be unique.




For each pair of real numbers α < 0 < β
ϕα, β(x) =

−(x− α)2 if x < α
0 if α ≤ x ≤ β
(x− β)2 if x > β
solves (p)
